Unidexterously Constrained Worldsheet Superfields by Hubsch, Tristan
January 3, 2019
Unidexterously Constrained Worldsheet Superfields
T. Hu¨bsch
Department of Physics & Astronomy,
Howard University, Washington, DC 20059
thubsch@howard.edu
ABSTRACT
Super-constrained superfields have provided for most of the best-known
and oft-used representations of supersymmetry. The abelian nature of
the Lorentz symmetry on the worldsheet turns out to continue per-
mitting the discovery of new representations, long after the discovery
of twisted chiral superfields. Just as the latter were effectively used
in Lagrangian studies of mirror symmetry, it would seem hopeful that
the new representations discussed herein may find their own niche too.
PACS: 11.30.Pb, 12.60.Jv
If you do not expect the unexpected, you will not find it.
— Aristotle
1 Introduction, Results and Summary
Supersymmetry has been studied for almost four decades in the physics literature, and about as
long using the superspace formalism [1,2,3,4,5]. Nevertheless, a complete classification of off-shell
representations is still in progress, even just on the worldline; see Refs. [6,7,8] and [9,10,11,12,13,14,
15]. These results indicate that there is an overabundance of even the restricted class of so-called
adinkraic supermultiplets, wherein each supercharge transforms each component field into precisely
one other component field (or its derivative), not a linear combination of those. The plentitude of
these findings [7,8] dwarfs the efforts from earlier literature [2,3,4,16,5,17,18].
In 1+1-dimensional spacetime—worldsheet—models, it is possible to define superfields that are
only partly on-shell (on half-shell [19]), such as:
lefton : D−Λ = 0 = D−Λ, ⇒ ∂=Λ = 0. (1)
Such superfields are off-shell on the left-handed light-cone worldline (0-brane) embedded within
the worldsheet, but are not off-shell in the usual sense of 1+1-dimensional worldsheet field theory,
and were therefore said to be on half-shell [19]. This unique feature of worldsheet field theory of
course further complicates any classification of supermultiplets and their superfield representation,
but also provides opportunities not possible in other dimensions.
It is our present purpose to demonstrate that unidexterous Lagrange multiplier superfields may
be used in two complementary roles, to define: (1) certain proper off-shell superfields which conven-
tional super-differential constraining cannot (see Section 2), and (2) partially on-shell superfields,
with an unequal number of off-shell bosonic and fermionic component fields (see Section 3). Sec-
tion 4 summarizes these results and conclusions.
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Adopting the notation of Refs. [2,17], we list here a few basic definitions and results for com-
pleteness. (2, 2)-extended supersymmetry on the (1, 1)-dimensional worldsheet may be studied in
(1, 1|2, 2)-superspace notation, wherein the supersymmetry charges Q± and Q±, superderivatives
D±, D± and light-cone worldsheet derivatives ∂=| , ∂= satisfy:{
Q− , Q−
}
= 2i∂=,
{
Q+ , Q+
}
= 2i∂=| , (2a){
D− , D−
}
= 2i∂=,
{
D+ , D+
}
= 2i∂=| , (2b)
∂= := (∂τ−∂σ), ∂=| := (∂τ+∂σ), (2c)
where H=i~∂τ and p=− i~∂σ are the worldsheet Hamiltonian and linear momentum, respectively.
All other (anti)commutators among these operators vanish. In this notation, all operators (2) are
eigen-operators of the Lorentz transformation and the number of “±” subscripts counts the additive
eigenvalue in units of 1
2
~. So, the Lorentz-eigenvalue (“spin”) of Q± and Q± is ±12~, of ∂=| is +~,
and of ∂= is −~.
As customary in superspace [1,2,3,4,5], we use the super-derivatives D+, D+, D−, D−. With a
nodding familiarity of Adinkras [20,6,7,8] and similar diagrams [21,22,23], we depict their algebra,
up to ∂=| , ∂= factors, following Ref [17]:
1
4
[D+, D+][D−, D−]
1
2
[D+, D+]D− 12 [D+, D+]D−
1
2
[D−, D−]D+ 12 [D−, D−]D+
1
2
[D+, D+] D+D− D+D− D−D+ D−D+
1
2
[D−, D−]
D+ D+ D− D−
1l
(3)
The Adinkras of Refs. [20,6,7,8] depict representations of N -extended worldline supersymmetry,
which is a subalgebra of (2) when N ≤ 4. Similarly here, following edges in (3)–(5) upward corre-
sponds to the supersymmetry action, where red/green/blue/orange edges correspond, respectively,
to D+,- D+,- D−- and D−-action. Since D± = (D±)†, following an edges downward corresponds
to the conjugate super-derivative action of the anti-color (green is anti-red, etc.), and incurs an
additional i∂=| (for red/green edges) or i∂= (for blue/orange edges) worldsheet derivative:
D+
D+
i∂=|
vs.
D+
D+
i∂=|
etc. (4)
In (3), the node-labels clarify the action along any particular edge, i.e., between two nodes.
The components of any superfield—including superfield expressions and equations—are ob-
tained by “projecting”: applying the basis elements (3) of the exterior algebra generated by
2
D+.D+, D−, D− and then setting the nilpotent superspace coordinates to zero. For an intact 1
superfield X, we denote the so-obtained components:
superfield X:
(intact)
X
X+ Ξ+ X− Ξ−
X=| X X´ X` X¯ X=
χ+ ξ+ χ− ξ−
x
(5)
Comparing (5) with (3) shows that, for example,
x := X|, ξ+ := D+X|, X¯ := D−D+X|, X+ := 12 [D+, D+]D−X|, etc. (6)
These diagrams reveal the underlying 4-cubical (tesseract) chromotopology [7]2 of the supermultiplet
represented by the superfield X and encode all supersymmetry relations. For example, using (4),
Q+ x = ξ+, Q+ξ+ = i(∂=|x)−X=| , Q+ ξ+ = 0, etc., (7)
where the minus sign in Q+ξ+ = Q+Q+x = −12 [Q+, Q+]x+ 12{Q+, Q+}x is encoded by dashing the
ξ+–X=| edge, as in Ref. [6]. Depicting superfields in this manner reveals all the relations between
its component fields—and indeed the whole structure of the superfield—in a correct but intuitive
way that is not as easily conveyed by formulae.
2 Strictly Constrained Off-Shell Superfields
There are two ways of constraining superfields: (1) by defining them as satisfying a system of super-
differential constraints, and (2) by the inclusion of Lagrange multiplier terms in the Lagrangian.
Exploring systematically the former of these two methods, Ref. [17] defines, among many others,
an “almost unidexterous non-minimal superfield” by imposing the second order super-differential
condition:
[D−, D−]A = 0. (8)
Somewhat akin to (1), some of the components of this superfield vanish, while others satisfy world-
sheet differential constraints:
{A=;A−,@−;A } = 0, (9a)
∂= {α−, a−;A, A´, A`, A¯;A+,@+} = 0, (9b)
1Herein, “intact superfields” are Salam-Strathdee complex superfields [1], subject to neither constraint
nor projection, all of which have a 4-cubical chromotopology [7] for worldsheet (2, 2)-supersymmetry.
2For our purposes, the 4-cube (tesseract) is evident in the diagrams (3) and (5), the edge-colors being
correlated with the four dimensions of the 4-cube, and also the four operators, D+, D+, D−, D−.
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∂ 2= {a;α+, a+;A=| } = 0. (9c)
with components defined akin to (3)–(6), see (10), and the indicated operators applied on each
member of the indicated collection. Owing to the worldsheet differential constraints (9b)–(9c), the
(1|4|5|2|0)-component superfield defined to satisfy the super-differential constraint (8) then is not
off-shell. In turn, the mapping that restricts an intact superfield to the one satisfying Eq. (8) then
is not a strict homomorphism of off-shell supermultiplets , as defined in Ref. [8]. The component
fields of A satisfying (8) are:
[D−, D−]A = 0:
(is not off-shell)
Eq. (9c) Eq. (9b)
Eq. (9a)
A+ @+
A=| A A´ A` A¯
α+ a+ α− a−
a
(10)
where the unnamed open/closed nodes represent bosonic/fermionic expressions in terms of the other,
named component fields. Simple underlining denotes a first order constraint (9b), whereas double
underlining denotes the second-order constraint (9c). There are no off-shell component fields in the
(1|4|5|2|0)-component superfield (10). The worldsheet differential constraints (9b)–(9c) obstruct
using such a superfield in the path-integral formalism for quantum field theory.
By contrast, the non-minimal chiral (a.k.a. complex linear) superfield, defined below (15)–(15b),
is a proper, (1|4|5|2|0)-component off-shell superfield, as are also the non-minimal twisted chiral
superfield, their Hermitian conjugates, and the more familiar chiral and twisted-chiral superfields.
— ? —
The lefton superfields, defined by the pair of super-differential constraints in (1), are also not off-
shell. Nevertheless, it turns out that precisely this superfield on half-shell [19] may be employed to
eliminate the highlighted unnamed nodes indicated in (10)—without incurring any worldsheet dif-
ferential constraints on the remaining component fields. That is, the (on half-shell) lefton superfield
Λ may be used to restrict an off-shell (1|4|6|4|1)-component intact superfield (5) to a proper off-
shell (1|4|5|2|0)-component superfield (14). This then also defines a strict morphism between these
off-shell supermultiplets by the previously unexplored means of unidexterous Lagrange multipliers.
To see this, consider the Lagrangian term
LΛY :=
1
4
[D+, D+][D−, D−] ΛY | = L=|Y= + λ+Υ− + λ+Y− + `Y , (11)
where
` := Λ|, λ+ := D+Λ|, λ+ := D+Λ|, L=| := 12 [D+, D+]Λ|. (12)
are the components of the lefton superfield, Λ. With the standard assignment of mass-dimensions
[Λ] = 0 = [Y ], it follows that no kinetic term for Λ is possible, so that all components of Λ are
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auxiliary : their Euler-Lagrange equations are not differential [24,19]. Since they occur linearly
in (11) and nowhere else, integrating out the components of Λ imposes the simple constraints:
Y= = Υ− = Y− = Y = 0, and nothing else! (13)
This defines a Λ-constrained version of Y , which—unlike (10)—is a fully off-shell (1|4|5|2|0)-dimen-
sional representation of (1, 1|2, 2)-supersymmetry, spanned by the remaining, otherwise uncon-
strained component fields:
Constr. by LΛY :
(is off-shell) Y+ Υ+
Y=| Y Y´ Y` Y¯
η+ υ+ η− υ−
y
(14)
All named component fields are unaffected by the Lagrange multiplier constraining and remain
off-shell. Thus, unidexterous constraining by means of the term (11) turns out to define an off-shell
superfield (14), which cannot be defined by means of a super-differential constraint such as (8).
The eliminated components, depicted by the highlighted and unnamed nodes, are connected by
Q+, Q+ action into a quadrilateral. These features are exactly analogous to the non-minimal chiral
superfield, defined below (15)–(15b), its twisted variant and their Hermitian conjugates [17].
The mapping X → Y from an intact superfield (5) to the one (14) constrained by means of
the Lagrangian term (11) is then a strict homomorphism of off-shell supermultiplets, as defined in
Ref. [8]. The mapping X → A specified by the second order super-constraint (8) is not.
3 Unequal Off-Shell Bosonic and Fermionic Components
Consider a non-minimal chiral (a.k.a. complex-linear) superfield Θ, defined by
D−D+Θ = 0, (15a)
D−D+Θ = 0 :
(is off-shell)
τ+ τ−
T=| T T´ T` T=
θ+ ϑ+ θ− ϑ−
t
(15b)
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The component fields eliminated by the super-differential constraint (depicted as highlighted, un-
named nodes) are connected into a quadrilateral by Q+, Q−, i.e., D+, D− action [25].
Then, the inclusion of the Lagrangian term
LΛΘ :=
1
4
[D+, D+][D−, D−] Λ Θ| = L=|T= + iλ+(∂=ϑ+) + λ+τ− (16)
induces, through the equations of motion for Λ, only the constraints:
T= = (∂=ϑ+) = τ− = 0. (17)
This turns the (1|4|5|2)-dimensional supermultiplet Θ into a (1|4|4|1)-dimensional one, where how-
ever one of the lowest-level fermions, ϑ+, has been rendered a left-mover, which is also the effect
of its standard Dirac equation. This ϑ+ component field is therefore on-shell, whereas all other
(1|3|4|1)-components remain off-shell. Therefore, this doubly constrained supermultiplet consists of
5 off-shell bosons and 4 off-shell fermions, coupled with one on-shell fermion:
D−D+Θ = 0 & LΛΘ :
(is not off-shell)
τ+
T=| T T´ T`
θ+ ϑ+
on shell
(the only one)

*
θ− ϑ−
t
(18)
This time, the eliminated component fields (depicted by highlighted, unnamed nodes) are connected
into two overlapping quadrilaterals. In addition, a single component field (ϑ+) is constrained on-shell
by the combination of super-differential and Lagrange multiplier constraining; it occurs away from
the eliminated quadrilaterals. The non-highlighted named component fields remain unconstrained
and off-shell, but the single on-shell component ϑ+ prevents the entire superfield from being off-
shell. A somewhat similar situation was noted in Ref. [26], for which case however a coupling with
another superfield was found to relax both of them off-shell. Whether such a completely off-shell
extension of (18) exists remains an open question.
4 Conclusions
The preceding examples show that unidexterous (on half-shell [19]) Lagrange multiplier superfields
can be used to define:
1. proper off-shell superfields such as the new one (14), which cannot be defined by conventional
super-differential constraining, as in (10);
2. a strict homomorphism between the intact (5) and the constrained off-shell superfield (14);
3. partially on-shell superfields, with unequal numbers of bosonic/fermionic off-shell component
fields, such as (15b).
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Whereas this last feature does not seem to have an evident application, it is fairly novel and
merits further study, perhaps a` la Ref. [26]. On the other hand, the ability to define novel off-shell
superfields such as (14) is much more likely to have applications in constructions of novel worldsheet
Lagrangians and models. In turn, the existence of the proper supersymmetry morphism (5→ (14)
may help a more rigorous understanding of off-shell supersymmetry representation theory.
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